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1 Introduction 



Since its inception, the ordinary Calogero model ^ continues to be of interest for both 
physics and mathematics community^. The model describes N identical (single- 
species) particles on the line which interact through an inverse-square two-body 
interaction and are subjected to a common confining harmonic force. The inverse- 
square potential can be regarded as a pure statistical interaction ^ and the model 
maps to an ideal gas of particles obeying fractional Haldane statistics The role 
of Haldane statistical parameters is played by a universal coupling constant in the 
two-body interaction. However, in Haldane's formulation of statistics there is a 
possibility of having particles of different species with a mutual statistical coupling 
parameter depending on the species coupled. This suggests the generahzation of the 
single-species Calogero model to the multispecies Calogero model. Distinguishabil- 
lity of the species can be introduced by allowing particles to have different masses 
and different couplings to each other. While the single-species Calogero model is 
completely solvable very little is known about spectra and wave functions of the 
multispecies Calogero model ®. 

Recently, we used an operator method to analyse a one-dimensional multispecies 
Calogero model with two- and three-body interactions ^. We succeeded in finding a 
class of, but not all, exact eigenstates and eigenenergies of the model Hamiltonian. 
The analysis relied heavily on the SU(1,1) algebraic structure of the Hamiltonian 
and once more stressed the importance of the conformal symmetry of the quantum 
singular oscillator ®. We were also able to generalize the model of Ref.7 to arbitrary 
dimensions ^. 

In the present Letter, which is in a sense a continuation of our investigation of the 
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ordinary Calogero model and the multispecies Calogero model we turn to the 
important problem of interacting families of Calogero-type particles in one dimen- 
sion, a theme which is already announced in ^. We consider a model with a potential 
that generally includes harmonic, two-body and three-body interactions acting be- 
tween particles belonging to different families, as well as the interaction between 
particles belonging to the same family with the coupling constant that may be dif- 
ferent for different families. In Section 2 we prepare all necessary tools for handling 
the problem of interacting families. We collect, without rederiving, the main results 
of the analysis of the one-dimensional multispecies Calogero model ^. In Section 3 
we apply these results to the case of two interacting families of Calogero particles. 
We display the model Hamiltonian and find the ground state energy. We construct 
generators of SU(1,1) algebra for interacting families and underline the importance 
of the dilatation part of the algebra, i.e. generator Tq. Furthermore, by imposing the 
conditions for the absence of the three-body interaction in the initial Hamiltonian, 
we find certain relations between the coupling constants. In Section 4 we extend 
these results to three and more interacting families of Calogero particles. We show 
that the underlying SU(1,1) structure is universal, i.e. holds for an arbitrary number 
of families, arbitrary masses of Calogero particles and arbitrary coupling constants. 
We particularly show how to obtain SU(1,1) generators of the whole system from 
SU(1,1) generators of arbitrary subsystem, i.e. we establish composition rules for 
SU(1,1) generators. We also find the exact eigenenergies corresponding to a class 
of the exact eigenstates of the model with F interacting famihes. We discuss the 
relations between the coupling constants in the case when a three-body interaction 
vanishes. Finally, we establish some relations of equivalence between two systems 
containing F families. Section 5 is a short conclusion. 
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2 A multispecies Calogero model: main results 



The model of Ref.7 is specified by masses of particles, rrii, and the coupling constants 
CO and Uij, i, j — 1,2, N. The Hamiltonian is 

H(uj) = — y — —J + — Y rriiX^ + - Y / — + — + 

The ground state wave function is of the Calogero type: 

*o(^i, -,^n) = n 1^^ - x^T'^e-a 2:i=i"»i^i = Ae-2 ^i=i"^'^i (2) 

i<j 

and the corresponding ground state energy is 

Eo = ueo = a;(^ + ^ z/i^). (3) 
When all couplings are equal, Eq.(3) reduces to the well-known Calogero result 

AT I N(N-l) 

After performing a similarity transformation 

H{uj) = A-^H{uj)A, 

one obtains a non-Hermitean Hamiltonian H{co) with a hidden three-body interac- 
tion: 

2^,midx^ 2 {r{ ' ' 2^.{xi-Xjymidxi rrijdxj^ 

^iv'T+-T_, (4) 

where 

1 ^ 

T_ = -iy(a; = 0), T+ = -$:m,a;,^ 

^ i=i 
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1 ^ d 

To^l^(Z^iQ- + e,). (5) 
The set of operators {r±, Tq} satisfy the SU(1,1) algebra: 

[T_,r+] = 2To, [To,T±] = ±r±. (6) 

Note that Tq serves as a dilatation operator. One can deduce that 

T_A = 0. (7) 

It is convenient to introduce the centre-of-mass coordinate X = J2iLi fxiiXi ( where 
M = J2i^=i f^i ) and relative coordinates = Xi — X. In terms of these coordinates, 
the Hamiltonian H{ijj), Eq.(4), separates into parts which describe its centre-of-mass 
motion (CM) and its relative motion (R), namely H{oj) — H{uS)cm + H{uS)r. In 
the same way one can split the generators T± and Tq into the centre-of-mass and 
relative parts, i.e. T±,o = 7±,0(om) + ^±,0(fl)- 

In the next section we apply these results to the case of two interacting families. 

3 Two interacting families 

Let us consider two famihes, Ti and JF2, of Calogero particles. The first one, denoted 
by = {mi, 1^1, Ni), is described by A^i particles of mass mi, the coupling constant 
vi and the coordinates of the particles are {xj} = {xi, x^-, x^^}. Similarly, the sec- 
ond one, denoted by JF2 = {1712, 1^2, N2}, is described by N2 particles of mass 1712, the 
coupling constant 1^2 and the coordinates of the particles are {za} = {zi, Z2, z^^}- 
The interaction strength between the first and the second family is 1/12 — k- 
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The full Hamiltonian now reads 



H{u) = H^{u) + H2{u) + H,nt, (8) 

where Hint is given by 



and Hi{uj) ( H2{uj) ) are Calogero Hamiltonians, Eq.(l), for the first and the 
second family, respectively. 

The corresponding ground state wave function of the Hamiltonian (8) is 

'^q{xi, ...,Xn^,Zi, ...,Zn2) = '[[{Xi - Za)" 0,l{^ I ^ XNi)'ifo^2{zi, Zn^) 

= Ai2^o,i(a:i, XN^)^o,2i^i^ ^N2), (10) 

where ^o,i and ^0,2 are the Calogero ground states (when k, — 0), Eq.(2), for the 
families J-'i and JF2, respectively. 

We can perform a similarity transformation with a A1A2 part of the full Jastrow 
prefactor A = A1A2A12 in (8,10), to obtain 

Ar'A2-^i/(a;)AiA2 = ^1(0;) + ^2(0;) + Hi^t, 
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Ar'A2-^^0 = n(^^ - ^a)''^0,1^0,2. (11) 

The ground state energy of the Hamiltonian (8) can be spht into three terms: 

eo = eo,i + eo,2 + kN^N2, (12) 

describing the ground state energies of each family and the interaction between 
them, respectively. 

For each family, one can define SU {1,1) generators T^\Tq\ I — 1,2. These two 
sets of generators, i.e. the corresponding SU{1,1) algebras, mutually commute. 
From the following two relations: 

T0A12 = ^(«:iViiV2 + eo)Ai2, 



we find 



(r(^) + r(^Vi2 = |Ai2. (13) 



Furthermore, from Eq. (7) and after multiplication by Ai ^A2 ^ from the left, it 
follows that 

T_Ai2 = {T^y + rl'^ - F,„t) A12 = 0. (14) 
Note that T+ = t|^^ + \ 

As we have already shown in Ref.7, for the general Uij and mj the three-body in- 
teractions in the initial Hamiltonian (1) vanish identically if the following conditions 
are satisfied for all triples of indices k: 

^ij^jk ^ji^ik ^ik^kj (15) 

rrij rrii rrik 



7 



In this case, the Hamihonian contains the two-body interactions (i.e. inverse-square 
interactions) only. The unique solution of these conditions is Vij — XmiiTij, X being 
some universal constant. 

In our two-family system this corresponds to the condition 

Uij — XmiUij — K, (16) 

or explicitly 

ui — Xrrii, U2 — Xrn^, vi2 — k — Xmim2, (17) 
from which it follows 




Note that Eqs. (16-18) imply that the couplings i'i,i'2 and k have to be simultane- 
ously positive, negative or zero. 

The connection between the coupling constants {i/i,i^2,^}, Eqs.(18), is ascribed to 
the weak-strong coupling duality in Ref.ll, but it is de facto a simple consequence 
of the absence of the three-body interaction in the starting Hamiltonian (1). We 
also point out that all the above relations for tI^^^ + Tli^^ and t1^^ +t1^^ (Eqs. (13,14)) 
hold generally for arbitrary masses mi, m2 and arbitrary coupling constants 1^1,1^2, 
i.e. irrespectively of the presence/ absence of the three-body interaction. 
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4 Three and more interacting families, exact eigen- 
states and equivalences between models 



We extend the above analysis to the case of three famihes, Ti, Ti and ^3, of Calogero 
particles. The families are characterized by mutually distinct numbers of particles, 
masses of particles and different coupling constants. One can immediatelly generalize 
the results (13,14): 

A = A1A2A3A12A13A23, 

r+ = r|^^ + r|^^ + r|^\ 

(To^') +To('))Ai2Ai3A23 = IA12A13A23, 

^^(1) ^ ^(2) ^ ^(3) _ A12A13A23 = 0. (19) 

For the initial -body multispecies Calogero model we can write composition laws 
for the SU(1,1) generators: 

N 1 

i=l i<j 
N N 

T+ = J2 7^- = E ^-^ - Hint, 



from which it follows 



i=l 



(X:ro«)A = |A, 

i=l ^ 



N 

(^T«-i/,„i)A = 0. (20) 



1=1 



These relations are general, valid for an arbitrary number of families F (i.e. for an 
arbitrary partition of a multispecies Calogero model) , and for an arbitrary choice of 
masses rrii and coupling constants Uij. 

The infinite set of exact eigenstates of the Hamiltonian (1) can be constructed 
by applying ladder operators 

At=±iVM^X^^±) (21) 

and 

Bt^hu;T^ + '^)TTo-lAf (22) 

to the vacuum 

^o(a;i, xs, ■ ■ • xn) = ^o(^)^o(6, 6 ■■<n) = e"— ^ e" ^ ^i=i"^*^* . 

The exact eigenstates (corresponding to the center-of-mass states and global dilata- 
tion states) are 

= A+"^5r',^0. 711,712 = 0,1,2,,, (23) 

The exact eigenenergies corresponding to these states are {I,J— 1, 2, ...F) 

F F 

eo = eo,/ + ^ eo,/j, 

7=1 I<J;I,J=1 

Ni , Ni{Nj-l) 
eo,.-^ + ^. 2 ' 

eojj^uijNiNj. (24) 

In the special case, when there is no three-body interaction (i.e. relations (15) are 
satisfied), we can identify 

ui^Xm^i, V/ = 1,2...F, 
10 



= Xmrnij, V/, J = 1, 2...F. (25) 

Since the masses are positive, the couphngs vj and uu have the same sign, depending 
on the sign of the free parameter A. 

Now we estabhsh some relations of equivalence between the two systems con- 
taining F families of Calogero particles. 

Case 1. Complete equivalence of the two systems. 
Let S = {u!,mi,i'i,i'ij, Nj} and S' = {u!,m'j,i'j,i'jj, Nj} be two Calogero systems 
with F families. We call them completely equivalent if 

These conditions imply 

J^i = l^I, T^IJ = T^'lJ- (26) 

Case 2. Partial equivalence of the two systems. 
We call the two systems S and S' partially equivalent if 

while the number of particles, and A^', may be the same or different. For example, 
in the case of one-family systems {F — 1) and N ^ N', the above condition implies 
that 

N + iyN{N -1) = N' + u'N'{N' -1). (27) 

Case 3. Special case: the single system. 
Consider a single system with F famihes of Calogero particles. We can demand that 

eo,i = ^0,1, ^0,12 = ^o,iJ, V/, J — 1, 2...F. 
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In the case of the two-family system (F = 2), we have 

iVi + u^NiiN^ -l) = N2 + P2N2{N2 - 1). (28) 

We obtain very interesting relations between the couplings Vi and V2 if wc impose 
the strong- weak duality condition on the couplings, namely viV2 — 1. (We fix = 1 
in Eq.(18)). 

The quadratic equation (28) then has two solutions: 



i V9 

{ii) ^1 = -(^) < 0. 
Their physical implications are summarized in Table 1. 



Table 1. 


Vi K 


A 


fo 


Comments 


iV2-i ,1 


A > 


2iViA^2 > 


Physical solution, no three-body interaction. 


-(f) +1 




TVi + 7V2 > 


Physical solution, with a three-body interaction. 


N2-1 1 

ATl-l 







Unphysical solution, with a three-body interaction. 


-(f) -1 


A < 


N1 + N2- 2N1N2 < 


Unphysical solution, no three-body interaction. 



A few remarks are in order. 

Remark 1. Notice that solution (i) requires > 2. 

Remark 2. If the generalized strong- weak duality condition is imposed, i.e. vivj — 1, 
(/ 7^ J — 1, 2, ...F), then it follows that it can be satisfied for F = 2 only. 
Remark 3. In Refs.7 and 10, we showed that there existed a critical point cqr = 
at which the system described by H{uj)r collapsed completely, i.e. the relative 
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momenta, the relative energy and the relative coordinates were all zero at this 
critical point. The ground state was a square- integrable function only for eon > 0. 
This is the reason why we ascribe the term 'unphysical' to the last solutions in Table 
1. 

5 Conclusion 

In this Letter we have studied the most general Calogero model on the line with 
a three-body interaction possessing an arbitrary number of mutually interacting 
families of Calogero particles. We have found the exact eigenenergies correspond- 
ing to a class of the exact eigenstates of the model. We have established relations 
of equivalence between two systems with F families which imply a certain connec- 
tion between the coupling constants. Particularly interesting appear the relations 
between the coupling constants in the single system with F families of Calogero 
particles when a strong-weak duality condition is imposed. We have paid special 
attention to the SU(1,1) structure of the model. We have found certain relations 
between SU(1,1) generators that are universal for all choices of masses and coupling 
constants. We particularly show how to obtain SU(1,1) generators of the whole 
system from SU(1,1) generators of arbitrary subsystem. Moreover, the same rela- 
tions are valid for an arbitrary number of dimensions and for all potentials that 
behave as a kinetic energy term under the dilatation represented by the generator 
Tq. There is only one difference between one and higher dimensions. In the case of 
one dimension, one can exclude the three-body interaction between particles from 
the beginning, while there is no known way how to do this in dimensions higher 
than one. Our results can also be extended to other systems with the underlying 



13 



conformal or superconformal symmetry . 
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